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Zoomable telescope by rotation of toroidal lenses
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A novel type of a continuously zoomable telescope is based on two pairs of adjacent toroidal lenses
(”saddle lenses”) in combination with standard optical components. Its variable magnification is
adjusted by a mere rotation of the four saddle lenses around the optical axis. This avoids the
necessity of classical zoom systems to shift multiple lenses along the longitudinal axis of the setup.
A rotationally tunable pair of saddle lens consists of two individual saddle lenses (also known as
quadrupole lenses, or biconic lenses), which are arranged directly behind each other, acting as a
”combi-saddle lens”. The transmission function of such a combi-saddle lens corresponds to that of a
single saddle lens, but with an adjustable optical power which depends on the mutual rotation angle
between its two components. The optical system contains two of these combi-saddle lenses, and acts
as a cylindrical Kepler telescope in one plane, and as a cylindrical Galilei telescope in the orthogonal
plane. The two orthogonal Kepler/Galilei telescopes stay aligned and change their magnification
factors in the same way when the telescope is zoomed by adjusting the optical powers of the two
combi-saddle lenses. Altogether this produces a sharp image which is mirrored with respect to the
axis of the Kepler telescope. Thus, in addition to the zooming capabilities of the telescope, it is also
possible to rotate the resulting image by a rotation of the whole telescope, or of all included saddle
lenses. We theoretically explain the operation principle of the telescope in both, a ray-optical and
a wave-optical description.
PACS numbers: (120.4640) Optical instruments; (110.6770) Telescopes; (220.3630) Lenses; (090.1970)
Diffractive optics.
INTRODUCTION
Anamorphic optical setups, i.e. arrangements with no
circular symmetry around the optical axis, can be used
for various tasks in beam manipulation, like beam (or im-
age) rotation, or asymmetric image scaling, i.e. optically
transforming the aspect ratio of an image [1–6]. The cor-
responding image transformations are typically described
in the ray optics regime, using four component vectors
(for the positions and directions in the x- and y-planes,
respectively) propagated by a generalized version of ma-
trix optics using 4×4 matrices [1, 6–8]. Such anamorphic
optical setups may be implemented with combinations of
cylindrical lenses with different orientations. However,
a greater flexibility is possible if anamorphic freeform
optical elements are used, like rotationally asymmetric
toroidal (or biconic) lenses. Toroidal lenses are anamor-
phic optical elements, which primarily have a transmis-
sion function corresponding to that of two crossed cylin-
drical lenses, which generally may have different focal
lengths. A special class of them, consisting of two orthog-
onal cylindrical lenses with opposite optical power, are
also known as ”saddle lenses” [9], or optical quadrupol
lenses [10], since their effect is analogous to that of elec-
tric or magnetic quadrupol lenses used in electron optics
[11]. For reasons of simplicity we speak of a saddle lens
with a quadrupole focal length of f , or a corresponding
quadrupole optical power of f−1, if its focal lengths along
its two orthogonal main axes is +f and −f , respectively.
An example for a saddle lens is sketched in Fig. 1(a). A
diffractive version of such an element can be obtained by
wrapping the phase function of element (a) by a modulo
operation into a thin, blazed surface profile, as indicated
in Fig. 1(b). An interesting property of saddle lenses is
that two of them can be stacked, i.e. mounted directly
behind each other, and (in a thin lens approximation) the
corresponding ”combi-saddle lens” has again the trans-
mission function of a single saddle lens, however with a
different quadrupole optical power which can be tuned
by rotating one element with respect to the other around
the optical axis. This is indicated in Fig. 1(c) and (d)
for refractive and diffractive versions of combined saddle
lenses, respectively.
FIG. 1: (a): Shape of a refractive saddle lens. (b): Corre-
sponding ”thin” diffractive saddle lens, obtained from a mod-
ulo operation from (a). (c): Refractive ”combi-saddle lens”
consisting of two stacked elements shown in (a). The com-
bination corresponds to another saddle lens, with an optical
power which is tunable by a relative rotation between its two
components (indicated in the figure). (d): Diffractive version
of (c), corresponding to a thin diffractive ”combi-saddle lens”.
Note that the coloration of the lenses is used for visualization
only, - actually the elements are transparent.
The insertion of two combi-saddle lenses in certain op-
2tical setups allows one to construct a zoom system, which
basically acts as an afocal telescope, whose angular mag-
nification can be continuously tuned by a rotation of the
individual saddle lens elements around the optical axis.
This feature will be discussed in both, a ray-optical and
a wave-optical description. In the ray-optical approach
it turns out that the telescope actually acts as a combi-
nation of a cylindral Kepler telescope with a cylindrical
Galilei telescope in two orthogonal planes, which both
stay aligned and yield the same zoom factor when tun-
ing the magnification by a rotation of the saddle lenses.
In the wave-optical approach it will be shown that the
working principle of a saddle lens telescope is based on
the interesting fact that an (optically realizable) convo-
lution of an input image with the transmission function
of a saddle lens just yields a Fourier transform of the
input image, which is however scaled, depending on the
adjusted quadrupole optical power of the saddle lens. Ad-
ditionally the result of the convolution has an offset phase
modulation, which corresponds to the phase of another
saddle lens. However, this offset phase modulation can be
compensated in the telescope by inserting a correspond-
ing conjugate saddle lens in the respective Fourier plane.
Then a subsequent optically performed Fourier transfor-
mation yields the scaled output image. In order to be
able to optically perform the initial convolution between
the input image and a saddle lens, an additional property
of saddle lenses is used, namely that their Fourier trans-
form still corresponds to the transmission function of a
saddle lens, however with a different quadrupole optical
power.
TUNABLE COMBINED SADDLE LENSES
The transmission function of a saddle lens with a
quadrupole optical power of f−1s corresponds to that of
two crossed cylindrical lenses with equal positive and neg-
ative optical powers of ±fs along the y− and x−axes. In
the following it is denoted as S(x, y, f−1s ), where the third
argument corresponds to the quadrupole optical power of
the saddle lens:
S(x, y, f−1s ) = exp[i
pi
λfs
(x2 − y2)]. (1)
A tunable saddle lens can be constructed by different
methods. One of them is to just stack two individual
saddle lenses with equal quadrupole optical powers into
a single, combined element, a ”combi-saddle lens”, as
shown in Fig. 1(c) or (d). The combination of two sad-
dle lenses with transmission functions Sα and S−α which
are rotated by an angle α in positive and negative di-
rections, respectively (such that the total rotation angle
between the two elements is 2|α|), produces a resulting
transmission function of the combi-saddle lens TC given
by:
TC = Sα(f
−1
s )S−α(f
−1
s ) = exp[i
pi
λfs
2 cos(2α)(x2 − y2)]
= S(x, y, 2f−1s cos(2α)). (2)
This transmission function corresponds again to that
of a single saddle lens with the same orientation of its
main axes, but with a different quadrupole optical power
of:
f−1c = 2f
−1
s cos(2α). (3)
A second method to realize a tunable saddle lens is to
just combine two cylindrical lenses with opposite optical
powers in a ”scissor-” arrangement [1, 5], i.e. with a
variable angle between the cylinder axes. For example,
if we assume a combination of a positive and a negative
cylindrical lens with respective optical powers of ±fcyl,
one of them oriented parallel to the x− axis, and the
other parallel to the y−axis, then an additional rotation
of the two lenses in opposite directions by an angle of ±α
results in the combined transmission function:
TC = exp[i
pi
λfcyl
cos(2α)(x2−y2)] = S(x, y, f−1cyl cos(2α)),
(4)
which again corresponds to a saddle lens. However, its
tuning range is only half of that of two combined saddle
lenses with equal optical power (Eq. 2). More gener-
ally, any combination of two mutually rotatable cylindri-
cal (or toroidal) lenses in combination with adequately
chosen spherical lenses (which correct for additionally
appearing spherical lens terms) can be used as a tun-
able combi-saddle lens. However, the construction of a
combi-saddle lens using two individual saddle lenses of
equal optical power maximizes the tuning range for the
optical power of the combined element, and thus also
reduces optical aberrations as compared to other com-
binations of toroidal lenses which yield the same tuning
range.
RAY-OPTICAL DESCRIPTION OF A TUNABLE
SADDLE LENS TELESCOPE
In order to explain the principle of a saddle lens tele-
scope, which combines a Kepler and a Galilei telescope
in two orthogonal planes, we first recapitulate the opti-
cal layouts for Kepler and Galilei telescopes, as shown in
Fig. 2(a) and (b), respectively. Figure 2(a) shows the
beam path in a Kepler telescope in the (y,z)-pane, con-
sisting of two positive cylindrical lenses K1 and K2 at a
distance d, with respective focal lengths of fK1 and fK2,
respectively. The telescope is aligned, if the back focal
plane of the first lens K1 coincides with the front focal
plane of K2, i.e. if:
fK1 + fK2 = d. (5)
3FIG. 2: (a): Layout of a cylindrical Kepler telescope in the
(y,z)-plane. (b): Layout of a cylindrical Galilei telescope in
the orthogonal (x,z)-plane. (c): Combination of a cylindrical
Kepler telescope and a cylindrical Galilei telescope in two
orthogonal planes within a tunable saddle lens telescope.
The angular magnification m of the telescope is inversely
proportional to the reduction of the beam diameter of a
parallel incident beam with diameter h1, which is trans-
formed into a parallel outgoing beam with diameter h2,
i.e.:
m =
h1
h2
=
fK1
fK2
. (6)
For a given distance d between the two lenses, and a given
magnification factorm, the required optical powers of the
two lenses can be easily calculated as:
f−1K1 = d
−1 +
d−1
m
and f−1K2 = d
−1 +md−1. (7)
Figure 2(a) shows a cylindrical Galilei telescope in the
orthogonal (x,z)-plane consisting of a positive cylindrical
lens G1 with focal length fG1, and a negative (concave)
cylindrical lens G2 with the (negative) focal length fG2.
Both lenses have the same distance d, as within the Ke-
pler telescope in (a). The telescope is aligned if:
fG1 + fG2 = d. (8)
Note, however, that fG2 is now negative. The angular
magnification m of the Galilean telescope should corre-
spond to that of the Keplerian telescope in (a), and is
given by:
m =
h1
h2
= −
fG1
fG2
. (9)
Thus, for a given magnification m, and a given distance
d between the two lenses, the required optical powers of
the two lenses are:
f−1G1 == d
−1 −
d−1
m
and f−1G2 = d
−1 −md−1. (10)
Comparing Eqs. 7 and 10 it is obvious that one can re-
place the orthogonal cylindrical lenses K1 and G1 of the
Kepler and the Galilei telescopes in a combined telescope
by a combination of a rotationally symmetric lens L1 with
a successive (combi-)saddle lens S1, whose respective op-
tical powers are:
f−1L1 = d
−1 and f−1S1 = ±
d−1
m
. (11)
It can easily be checked that (in a thin lens approxi-
mation) the mutual transmission function of these two
subsequent lenses corresponds to that of K1 and G1 in
the two orthogonal planes of the cylindrical Kepler and
the Galilei telescopes, respectively.
Analogously, one can combine the two orthogonal
cylindrical lenses K2 and G2 into a set of a second ro-
tationally symmetric lens L2, and a second saddle lens
S2 with corresponding optical powers of:
f−1L2 = d
−1 and f−1S2 = ±md
−1. (12)
For all magnification factors m the combinations consist
of the same (i.e. static) rotationally symmetric lenses (L1
and L2), which both have the same optical power of d
−1,
and of two saddle lenses S1 and S2, with a variable optical
power which depends on the magnification factor. Thus,
if these saddle lenses are implemented by combi-saddle
lenses, whose optical powers are adjusted to correspond
to f−1S1 and f
−1
S2 in Eqs. 11 and 12 respectively, it is possi-
ble to construct a combined Kepleri/Galilei telescope (in
orthogonal axes), with an adjustable magnification fac-
tor, which is controlled purely by the adjustment of the
two combi-saddle lenses.
Such a ”saddle lens telescope” which combines the
two orthogonal cylindrical telescopes of (a) and (b) is
shown in Fig. 2(c). There, L1 and L2 are two rota-
tionally symmetric lenses, both with the same optical
power of f−1L1 = f
−1
L2 = d
−1, whereas S1 and S2 are two
saddle lenses with optical powers of f−1S1 = d
−1/m and
f−1S2 = md
−1, respectively, and m is the magnification of
the telescope. The main axes of the two saddle lenses
S1 and S2 are oriented parallel. The beam paths in the
4FIG. 3: Ray-optical simulation of an imaging setup based on
the layout of Fig.2(c) using commercial ray-tracing software
(Zemax Optics Studio). For this purpose the afocal telescope
of Fig.2(c) is expanded with an additional focusing lens in
front of the first saddle lens, and an additional objective lens
behind the second combi-saddle lens. (a) shows the top view
and the side view of the beam paths for a magnification factor
of m = 1.33. The original object and the simulated image are
shown at the left, and at the right sides, respectively. Note
that the output image is mirrored with respect to the input
image. (b) shows a second simulation with the magnification
factor m = 0.66. Additionally all combi-saddle lenses are
counter-clockwise rotated by an angle of 22.5◦, resulting in a
counter-clockwise rotation of the (mirrored) image by 45◦.
yz-plane (solid lines) and the xz-plane (dashed lines) cor-
respond to that of the Kepler telescope in (a), and the
Galilei telescope in (b), respectively.
The combined Kepler/Galilei telescope inverts an in-
coming beam along the axis of the Kepler telescope, since
there is a focus within the beam path, whereas the beam
is not inverted along the axis of the Galileian telescope.
If such a telescope is used for imaging, this results in a
mirroring operation with respect to the axis of the Ke-
pler telescope. Thus a rotation of the whole saddle lens
telescope (or just a rotation of all included combi-saddle
lenses) results in an image rotation of the mirror-inverted
image by twice the rotation angle of the telescope. For
correct operation of the combined telescope the main
axes of the two combi-saddle lenses have to stay parallel.
This is achieved if the magnification is tuned by rotat-
ing the two elements of each combi-saddle lens always
symmetrically (by the same angle) into opposite direc-
tions. The corresponding rotation angles for a certain
magnification factor can be calculated from Eqs 11 and
12, together with Eq. 3.
A ray-optical simulation of the imaging properties of a
setup based on the layout of Fig. 2(c) is shown in Fig.
3. Since the original setup of Fig. 2(c) is afocal (act-
ing between infinitely distant object and image planes),
the setup in the simulation was expanded by an addi-
tional focusing lens directly in front of the telescope at
the object side, and an additional objective lens directly
behind the telescope at the image side. The simulations
were performed using a test image (left side) which was
magnified and demagnified by the factors m = 1.33 and
m = 0.66 in (a) and (b), respectively. The spherical
lenses and the (rotatable) combi-saddle lenses were sim-
ulated by refractive (bulk) elements, and geometric lens
errors were included in the simulation. Additionally all
saddle lenses in (b) were rotated counter-clockwise by an
angle of 22.5◦, which results in an image rotation of 45◦,
as expected from our previous discussion. The simula-
tions also confirm that the resulting image is a mirrored
version of the input image, as expected.
The optical setup of Fig. 2(c) with the focal lengths of
the two lenses L1 and L2 corresponding to their distance,
i.e. fL1 = fL2 = d, is a special optical arrangement which
is known [6] to perform a mutual optical Fourier trans-
form between the planes of the two combi-saddle lenses
S1 and S2. Actually the condition that the two saddle
lenses are located in mutual Fourier planes is required
for the construction of a saddle lens telescope. However,
since an optical Fourier transform can also be performed
in another setup, this suggests a further layout of a sad-
dle lens telescope, which will be described in the following
wave-optical discussion.
WAVE-OPTICAL DESCRIPTION
An important property of saddle lenses is that a con-
volution of a two-dimensional master image g(x, y) with
a combi-saddle lens TC (according to Eq. 2), leads to a
convolved image g∗(u, v) given by
g∗(u, v) = g(x, y)⊛ exp[i
mpi
λfs
(x2 − y2)] (13)
=
∫
g(x, y) exp(i
mpi
λfs
[(u− x)2 − (v − y)2]) dxdy,
where ’⊛’ denotes the convolution symbol, and m is the
adjustable scale factor for the optical power of the saddle
lens. Processing of this convolution integral yields:
g∗(u, v) = exp(i
mpi
λfs
[u2 − v2])× (14)∫
g(x, y) exp(i
mpi
λfs
[x2 − y2]) exp
[
−i
m2pi
λfs
(ux− vy)
]
dxdy.
The integral actually corresponds to a
Fourier transform F{...}(u, v) of the function
g(x, y) exp(ipim/(λfs)[x
2 − y2]), i.e.:
g∗(u, v) = exp(i
mpi
λfs
[u2 − v2])× (15)
F
{
g(x, y) exp(i
mpi
λfs
[x2 − y2])
}
(mkx,−mky),
5where
kx =
2pi
λ
u
fs
and ky =
2pi
λ
v
fs
. (16)
Note that the (kx, ky)-coordinates in Fourier space in
Eq. (15) are scaled by the factor m, and the ky coor-
dinate is negative, which corresponds to a mirroring op-
eration with respect to the y−axis. Due to the similar-
ity theorem and the symmetry properties of the Fourier
transform, this can be expressed in unscaled and non-
mirrored coordinates (kx, ky) by transferring the scaling
and y−mirroring operations into the kernel of the Fourier
transform, i.e.:
g∗(u, v) = exp(i
mpi
λfs
[u2 − v2])× (17)
F
{
gR(
x
m
,
y
m
) exp(i
pi
mλfs
[x2 − y2])
}
(kx, ky),
where gR(x/m, y/m) = g(x/m,−y/m) is the mirror im-
age (with respect to the y−axis) of g.
Thus the convolution of an arbitrary 2-dimensional
function g(x, y) with a saddle lens basically corresponds
to a Fourier transform of the (with respect to the y−axis)
mirrored function g, which is additionally scaled by the
factor m, and multiplied by another saddle lens term.
Since the y−axis is defined as the optical axis of the con-
vex cylindrical sub-lens within the saddle lens, a rotation
of the saddle lens by an angle θ rotates the y−axis, i.e.
the axis of the mirroring operation, and thus rotates the
Fourier transform of the resulting image by 2θ.
This convolution of the two-dimensional image g(x, y)
with the saddle lens exp(ipim/(λfs)[x
2− y2]) can be also
performed using the convolution theorem, i.e.:
g∗(u, v) = g(x, y)⊛ exp(i
mpi
λfs
[x2 − y2]) (18)
= F−1{F{g(x, y)} · F{exp(i
mpi
λfs
[x2 − y2])}},
where F−1 is the inverse Fourier transform. In this equa-
tion, the (optically implementable) Fourier transform of
the input image has to be multiplied by the Fourier
transform of a saddle lens. Fortunately, in an optical
implementation this multiplication just corresponds to
the transmission of the field through another saddle lens,
since it interestingly turns out that the Fourier trans-
form of a saddle lens is again a saddle lens, however with
another optical power, namely
F{exp(i
mpi
λfs
[x2 − y2])} = exp(−i
λfs
4mpi
[k2x − k
2
y]) (19)
= exp(−i
pi
mλfs
[u2 − v2]).
Thus Eq. 18 can be rewritten:
g∗(u, v) = F−1{F{g(x, y)} · exp(−i
pi
mλfs
[u2 − v2])}.
(20)
Using Eq. 17 one obtains:
exp(i
mpi
λfs
[u2 − v2])F
{
gR(
x
m
,
y
m
) exp(i
pi
mλfs
[x2 − y2])
}
= F−1
{
F{g(x, y)} · exp(−i
pi
mλfs
[u2 − v2])
}
. (21)
This Equation can be converted into:
gR
( x
m
,
y
m
)
= exp(−i
pi
mλfs
[x2 − y2])× (22)
F−1
{
exp(−i
mpi
λfs
[u2 − v2])×
F−1
[
F{g(x, y)} · exp(−i
pi
mλfs
[u2 − v2])
]}
.
The left side of the equation (gR
(
x
m
, y
m
)
) corresponds to
the zoomed (magnification factor m) and y−mirrored in-
put image g(x, y), whereas the right side corresponds to a
sequence of operations consisting of Fourier transforma-
tions and multiplications with the adjustable transmis-
sion functions of saddle lenses, which all can be optically
performed.
OPTICAL IMPLEMENTATION
Fourier transformations can be implemented optically
in different setups [6]. Figure 4(a) shows a setup using
two spherical lenses (gray) with the same focal lengths
fF seperated by a distance fF . In this case an object
(blue) located directly in front of the first lens is opti-
cally Fourier transformed in a plane directly behind the
second lens (dashed blue plane). A second method to
perform an optical Fourier transform is shown in Fig.
4(b). There, a spherical lens with focal length fF is
located between the two mutual Fourier planes, which
correspond to the front and back focal planes of the
lens, respectively. In both cases (a) and (b), the field
of the Fourier transformed object is identical. Generally
a Fourier transform acts between two reciprocal coor-
dinate systems, e.g. it transforms the Cartesian (x, y)-
coordinates into (kx, ky)-coordinates in reciprocal (mo-
mentum) space, where kx = 2pi/x and ky = 2pi/y. On
the other hand the optically implemented Fourier oper-
ation (with lenses of focal lengths fF ) transforms a two-
dimensional object in (x, y)-space into a Fourier trans-
formed image in (x, y)-space, which is again Cartesian.
In a paraxial approximation, the connection between the
two coordinate systems is:
(x, y) = (
kx
k0
fF ,
ky
k0
fF ), (23)
where k0 = 2pi/λ. Therefore the Cartesian (u, v)-
coordinates in the plane of the optically performed con-
volution of the input image with a saddle lens, whose
6FIG. 4: Two methods to perform a Fourier transform of a sad-
dle lens (blue): (a) The saddle lens (blue) with quadrupole fo-
cal length ±mfs is illuminated with a plane wave. A spherical
Fourier transforming lens (gray) with focal length fF located
directly behind it performs a Fourier transform of the trans-
mission function of the saddle lens at a distance fF (dashed
blue plane), where a second spherical lens with focal length fF
is located to correct for the phase. (b): A spherical lens with
focal length fF is located at a distance fF behind the sad-
dle lens. At a further distance fF behind the spherical lens,
the Fourier transform of the saddle lens is obtained (dashed
blue). In both cases (a) and (b) the light field in the Fourier
plane (indicated by the dashed blue lines) has the phase pro-
file of a conjugate saddle lens (with respect to the original
saddle lens), with a quadrupole focal length of ∓fs/m. The
situation is sketched for fs = fF , and m = 1, indicating the
optical rays along the two perpendicular optical axes of the
saddle lens in green and red, respectively. In this case the size
of the Fourier transformed saddle lens corresponds to that of
the initial saddle lens.
optical power is scaled in units of f−1s (see Eq. 16) are
related to the (x, y)-coordinates in the object space by:
(u, v) = (xfs/fF , yfs/fF ). (24)
For the sake of convenience the optical power of the
Fourier transforming lenses within the following setups
will be assigned to be f−1F = f
−1
s , which just means that
the variable optical powermf−1s of the employed (combi-
)saddle lenses is from now on measured in units (m) of the
optical power of the Fourier transforming lenses. In this
case the scaling of the coordinates (u, v) in the plane of
the optically performed image convolution corresponds to
that of the original (x, y)-coordinates in the object space,
according to Eq. 24. Furthermore the magnification of
the saddle lens telescope then automatically corresponds
to the factor m. The optical Fourier transform of a sad-
dle lens with a quadrupole optical power of mf−1s (blue)
now becomes (according to Eq. 19):
F
[
exp(i
mpi
λfs
[x2 − y2])
]
= exp(−i
pi
mλfs
[x2 − y2]). (25)
There, F(...) denotes the optically performed Fourier op-
eration according to Fig. 4(a) or (b), using Fourier trans-
forming lenses with a focal length of fs. Thus a saddle
FIG. 5: Two examples for a zoom system using a combination
of saddle lenses (blue) and spherical lenses (gray). Setups
(a) and (b) are based on the optical Fourier transform setups
described in Fig. 4(a) and (b), respectively. In both setups an
object represented by an arrow is imaged onto a camera. The
focal lengths of the lenses and their distances are indicated in
the figure. The red and green rays are actually propagating in
orthogonal optical planes, namely in the (y, z)−plane (green),
and in the (x, z)−plane (red). In the example the rays are
sketched for the case m = 2.
lens with a quadrupole optical power ±mf−1s is trans-
formed into a conjugate saddle lens with a quadrupole
optical power ∓f−1s /m.
Furthermore the (u, v)-coordinates in Eq. (22) can be
replaced by (x, y)-coordinates, resulting in:
gR
( x
m
,
y
m
)
= e−i
pi
mλfs
[x2−y2] × (26)
F
{
e−i
mpi
λfs
[x2−y2] · F
[
F{g(x, y)} · e−i
pi
mλfs
[x2−y2]
]}
.
Amore concise version of this Equation is possible with
the convention used in Eq. 1, where a saddle lens is just
represented by its quadrupole optical power. In this case
Eq. 26 may be abbreviated as:
gR
( x
m
,
y
m
)
= S(
f−1s
m
)F
{
S(mf−1s ) · F
[
F{g(x, y)} · S(
f−1s
m
)
]}
.
(27)
This equation can be interpreted as a sequence of op-
erations which can be optically performed by any of
the two setups shown in Fig. 5(a) and (b). A similar
setup for performing generalized coordinate transforms
7has also been discussed in [3], and investigated in [4],
where the anamorphic lenses have been displayed on a
spatial light modulator. In the Figure the object g(x, y)
to be imaged is indicated by a black arrow at the left.
A first lens with focal length f0 located at the distance
f0 performs a Fourier transform F{g(x, y)} of the ob-
ject in the plane of the first combi-saddle lens (blue).
The Fourier transformed image passes the first combi-
saddle lens with a quadrupole optical power of m−1f−1s ,
which yields (after multiplication of the corresponding
transmission functions) F{g(x, y)} ·S(m−1f−1s ), which is
the term in the square brackets in Eq. 27. This field
is then Fourier transformed using any of the optical se-
tups sketched in the previous Fig. 4(a) or (b), respec-
tively. Thus in front of the second saddle lens we obtain
the field F
[
F{g(x, y)} · S(m−1f−1s )
]
. This field is then
multiplied with the transmission function of the second
combi-saddle lens S(mf−1s ), leading to the term in the
curly brackets in Eq. 27. A final Fourier transform of this
field is performed by an objective lens with focal length
fObj at a distance of fObj behind the second saddle lens.
The Fourier transform is projected at the camera plane.
Thus, up to a phase factor of a saddle lens S(m−1f−1s )
(corresponding to the first term in Eq. 27) the field in
the camera plane corresponds to the right side of Eq.
27, yielding as a result the scaled and mirrored image
gR (x/m, y/m). If required, the phase of the image can be
optically corrected by placing a third saddle lens, which
acts as a field lens, with the conjugate transmission func-
tion of S(−m−1f−1s ) (which corresponds to a 90
◦ rotated
version of S(+m−1f−1s )) directly in the camera plane, or
in an intermediate image plane of an expanded optical
setup. The adjustment of the quadrupole optical powers
of the included combi-saddle lenses for a certain magni-
fication factor m can then be performed by a symmetric
rotation of their components into opposite directions by
an angle α according to Eq. 3, which keeps the main axes
of the two combi-saddle lenses aligned. An additional ro-
tation of all included (combi-)saddle lenses by an angle
θ into the same direction leads to an adjustable image
rotation of 2θ.
Figure 5 indicates the optical rays for the two orthogo-
nal main planes of the anamorphic system ((y, z)−plane
in green, (x, z)−plane in red) for the case m = 2. In
one of the planes (green) the zoom system corresponds
to a Kepler telescope, whereas it corresponds to a Galilei
telescope in the other plane (red). The magnifications
of the Kepler and Galilei telescopes are identical for all
adjustable magnification factors m.
Fig. 5 also shows that the actual zoom system consists
of the optical setup between the two saddle lenses (indi-
cated in the figure), which acts as an afocal telescope. A
condition for the correct operation of the zoom system is
that the light field emerging from any point of the object
plane is transformed into a parallel beam before enter-
ing the telescope. This condition can also be fulfilled in
FIG. 6: (a): More compact zoom system with saddle lenses
based on the layout of Fig.5(a). Now the spherical front lens
(optical power f−1
0
) and the first Fourier transforming lens
(optical power f−1s ) are combined into a single spherical lens
with optical power of f−1
0
+ f−1s , which is placed directly in
front of the first combi-saddle lens. Analogously the second
Fourier transforming lens and the objective lens are combined
into a single spherical lens with an optical power of f−1s +f
−1
Obj ,
which is placed directly behind the second combi-saddle lens.
(b-f) show wave-optical simulations of the imaging properties
of the setup. (b): Test object to be imaged. (c): Resulting
image in CCD plane for m = 1. (d): Resulting image for
m = 2. (e): Resulting image for m = 0.5. (f): Resulting
image for m = 1.5, and an additional rotation of both of the
saddle lenses by an angle of θ = 22.5◦.
a compressed setup in which the first spherical lens is
located directly in front of the first saddle lens. Simi-
larly, the last (objective) lens can also be placed directly
behind second saddle lens.
This setup can still be further compressed by com-
bining all adjacent spherical lenses into single spheri-
cal lenses with correspondingly adapted optical powers.
Such a compressed setup based on the expanded setup of
Fig. 5(a) is sketched in Fig. 6(a), with the correspond-
ing focal lengths of the lenses indicated in the figure.
A simulation of its imaging properties is shown in Fig.
6(b-f). The simulation is based on wave optical propa-
gation of the input amplitude object shown in Fig. 6(b)
through the optical system, using the spectrum of plane
wave propagation method and assuming thin optical ele-
ments which are purely characterized by their transmis-
sion function. Figure 6(c) shows the image in the camera
plane for the case m = 1. As expected, the image is mir-
rored with respect to the y−axis. In Fig. 6(d) the same
simulation is performed for m = 2, resulting in an image
magnification by this factor. In (e) a factor m = 0.5 was
chosen, resulting in a corresponding image demagnifica-
8tion. Finally in (f) a factor m = 1.5 was chosen, and
additionally the two combi-saddle lenses were rotated by
the same angle θ = 22.5◦. This results in an image mag-
nification by the factor m = 1.5, and additionally in a
rotation of the whole image by the angle 2θ = 45◦.
In practice the setup of Fig. 6(a) can be even more
compressed if the optical powers of the two remaining
spherical lenses are incorporated into the respective ad-
jacent combi-saddle lens elements, for example by adding
spherical lens terms with half of the required optical
power to each of the two individual saddle lenses of a
combi-saddle lens. The resulting zoomable telescope then
contains no spherical lenses any more, but just consists of
four generalized toroidal lenses combined into two pairs
of tunable combi-toroidal lenses, respectively.
CONCLUSION
Using combi-saddle lenses in a novel telescope setup,
which combines a Kepler- and a Galilei telescope in two
orthogonal planes, one obtains a continuously tunable
zoom system, with a magnification which is purely con-
trolled by rotating the saddle lenses. The combi-saddle
lenses may be realized as diffractive optical elements,
which has the advantage that the elements are very thin,
and geometrical optical aberrations due to the thickness
of implemented glass elements are minimized. On the
other hand, the elements can also be realized as refrac-
tive elements, with the advantage of having full efficiency
independent of the wavelength, and without the high dis-
persion of diffractive optical elements. By using a third
combi-saddle lens as a field lens in the image plane of
the camera system (or in a conjugate intermediate image
plane), the optical system becomes phase preserving, i.e.
the phase in the image plane corresponds to that in the
object plane.
The principle of the method depends on the features of
saddle lenses that their Fourier transform is again a sad-
dle lens, and that a convolution of an input image with a
saddle lens basically corresponds to a Fourier transform
of the input image itself, which is however scaled by a
factor depending on the quadrupole optical power of the
saddle lens. Actually, standard (parabolic and cylindri-
cal) lenses have analogous features, but a saddle lens is
the only one of these lens types which is tunable by a
relative rotation of two adjacent lens elements. In a ray-
optical description a saddle lens telescope corresponds to
a combined Kepler and Galilei telescope in two orthog-
onal planes, where both of the two telescope types au-
tomatically have the same magnification for all adjusted
zoom factors m. The optical system has the feature that
it produces a mirror image of the object with respect to
a selectable axis, which allows one to rotate the image by
an angle 2θ by rotating all implemented saddle lenses by
the same angle of θ into the same direction.
An afocal version of the tunable telescope as sketched
in Fig. 2(c) may find applications as a variable beam ex-
pander, e.g. in laser material processing, or as a tunable
eyepiece in microscopes, telescopes, or spotting scopes.
With an additional focusing unit and/or an additional
imaging lens the system may be also used as a zoomable
camera objective, or a zoomable image (or video) pro-
jection device. The feature of the telescope to produce
a mirrored image can be corrected by inserting an ad-
ditional mirror at any position in the beam path, e.g.
by a side-view system. There the feature that the image
can be continuously rotated allows one to obtain an erect
image even when ”looking” from different sides into the
telescope.
Interestingly, the wave-optical simulation by process-
ing Eq. (27) suggests a numerical method to rotate and
scale an image, which does not require numerical inter-
polation in the image space, but is purely based on a se-
quence of three Fourier transformations, and point wise
array multiplications with analytically rotatable saddle
lens transmission functions. This might be particularly
interesting for numerically rotating and scaling of com-
plex images with strongly modulated phase functions,
like phase-wrapped interferograms, since interpolation of
such erratic complex functions is typically quite challeng-
ing [6, 12, 13].
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